We investigate the limit behavior of the first eigenvalue of the half-linear eigenvalue problem when the length of the interval tends to zero. We show that the important role is played by the limit behavior of ratios of primitive functions of coefficients in the investigated half-linear equation. MSC: 34C10
Introduction
We consider the eigenvalue problem associated with the half-linear second order differential equation -r(t) x + c(t) (x) = λw(t) (x), (x) := |x| p- x, p > ,
with t ∈ (a, b), -∞ < a < b < ∞, r -q , c, w ∈ L  (a, b), q = p p- being the conjugate exponent of p, and r(t) > , w(t) > . Equation () can be written as the first order system
- (u) = |u| q- u being the inverse function of , and the integrability assumption on the functions r -q , c, w implies the unique solvability of this system. The original paper of Elbert [] , where the existence and uniqueness results are proved via the half-linear version of the Prüfer transformation, deals with continuous functions in (), but the idea of the proof applies without change to integrable coefficients when, as a solution x, u, absolutely continuous functions are considered (which satisfy () a.e. in (a, b)). Along with (), we consider the separated boundary conditions
x(a) cos p α -r q- (a)x (a) sin p α = ,
where sin p , cos p are the half-linear goniometric functions, which will be recalled in the next section. Motivated by the paper [] , where the linear Sturm-Liouville differential equation (which is the special case of ()) is considered, we investigate the limit behavior (as b → a+) of the first eigenvalue of (), () in dependence on α, β. We show that this http://www.boundaryvalueproblems.com/content/2013/1/221 limit behavior is, in a certain sense, the same as for an eigenvalue problem when boundary conditions () are associated with an equation with constant coefficients. The investigation of half-linear eigenvalue problems is motivated, among others, by the fact that the partial differential equation with the p-Laplacian (which models, e.g., the flow of non-Newtonian fluids, while the linear case p =  corresponds to the Newtonian fluid)
and the spherically symmetric potential c, can be reduced to an equation of the form (). For this reason, motivated also by the linear case p = , the problem of dependence of eigenvalues of (), () on the functions r, c, w and the boundary data a, b, α, β was a subject of the investigation in several recent papers. We refer to [-] and the references therein. The paper is organized as follows. In the next section, we recall essentials of the qualitative theory of half-linear differential equations. Section  deals with the eigenvalue problem for an equation with constant coefficients. The main results of the paper, limit formulas for the first eigenvalue of (), (), are given in Section .
Preliminaries
First, we recall the concepts of half-linear goniometric functions. These functions, in the form presented here, appeared for the first time in [] . In a modified form, they can also be found in other papers, e.g., in [] .
The half-linear sine function sin p is defined as the solution of the differential equation
given by the initial condition x() = , x () = . The function sin p is π p anti-periodic (and hence π p periodic) with
. The derivative (sin p t) =: cos p t defines the halflinear cosine function. These functions satisfy the half-linear Pythagorean identity
The half-linear functions tan p and cot p are defined in a natural way as
The inverse functions to these functions on (-π p /, π p /) resp. (, π p ) are denoted by arctan p and arccot p . By a direct computation, using () and the fact that () can be written as
one can verify the formulas
The original proof of the unique solvability of () (and hence of (), see [] ) is based on the half-linear version of the Prüfer transformation. Let x be a nontrivial solution of (), put
Then the Prüfer angle ϕ solves the first order differential equation
The right-hand side of () is a Lipschitzian function with respect to ϕ, hence the standard existence, uniqueness, and continuous dependence on the initial data theory applies to this equation, and these results carry over via () to () and (). Observe at this place that the right-hand side of () is not Lipschitzian, so this theory cannot be directly applied to (). The Prüfer transformation is closely associated with the Riccati-type differential equation
which is related to () by the Riccati substitution v = r (x /x). The fact that we have in disposal a Riccati-type differential equation and the generalized Prüfer transformation implies that the linear oscillation theory extends almost verbatim to (). In particular, similarly to the linear case, the eigenvalues of (), () form an increasing sequence λ n → ∞, and the nth eigenfunction has exactly n - zeros in (a, b), see [] and also [, Section .].
For some recent references in this area, we refer to [] and the references therein.
Equation with constant coefficients
In this section, as a motivation, we consider the equation
First, consider the case α = β ∈ (, π p ) in (). Then the first eigenfunction of (), () corresponds to the solution of () satisfying
To underline the dependence of eigenvalues of our eigenvalue problem on b, α, β, we denote the first eigenvalue by λ  (b, α, β). Also, when α = β, we use the notation λ  (b, α, α) =:
Obviously, the solution of () satisfying () is a constant solution when
, we need v to be decreasing. When the length of the interval (a, b) tends to zero, v (t) cannot be bounded from below in (a, b), and hence
In the opposite case, when 
Theorem  Let λ  (b, α, β) denote the first eigenvalue of (), () with
α ∈ [, π p ), β ∈ (, π p ]. Then lim b→a+ λ  (b, α, β) = ⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ ∞ if α < β, -| cot p α| p if α = β, -∞ if α > β.
Limit behavior of the first eigenvalue
In this section, we consider general half-linear eigenvalue problem (), (). We denote
In the next theorems, we discuss various asymptotic behavior of ratios of the functions C, R, W for t → a+, which implies various limit behavior of the first eigenvalue. The behavior of the higher eigenvalues is described at the end of this section.
In the proofs of the next theorems, given ∈ R, ϕ(t) = ϕ(t, ), denotes the Prüfer angle of a solution x of () with λ = satisfying () at a, i.e., ϕ(a, ) = α.
We start with the most interesting case α = β in ().
Theorem  Suppose that lim t→a+ C(t) W (t)
= -∞. Then for any α ∈ (, π p ), we have 
where t b ∈ (a, b). Hence, for b sufficiently close to a,
Thus, since ϕ was the Prüfer angle corresponding to a solution of () with λ = satisfying () at t = a, we have λ  (b, α) < for the first eigenvalue when b is in a sufficiently small right neighborhood of a (since we need
Therefore, () holds.
Theorem  Suppose that
and let
be fixed, and take δ >  so small that
Such a positive δ exists according to the definition of the number α * . Formula () implies that for τ sufficiently close to α, we have the inequality
when t is sufficiently close to a. Again, integration of (), together with the mean value theorem applied to the last integral on the right-hand side of (), gives
Hence ϕ(b) > α. This implies that λ  (b, α) < for every ∈ R, and thus,
Proof The first formula in () implies that C(t) >  for t in a right neighborhood of a.
, and let δ >  be so small that
Again, such δ >  exists according to the definition of α * . Hence, for τ sufficiently close to α, from (), we have for t close to a that
Let ∈ R be arbitrary. Similarly as in the proof of the previous theorem,
Letting b → a+ and using that
(which means that λ(b) is bounded in a neighborhood of a), we see that
and () is proved. 
Proof First of all, we have , and the conclusion follows from Theorem .
We finish the paper with a brief treatment of the case α = β in (). We show that the situation is similar as in the case of a constant coefficients equation treated in Section .
